Dispersion relations are derived to determine the growth rate, dominant wavelength, and group velocity of disturbances caused by the beam breakup instability. Considerations include weak and strong focusing, x-y coupling in solenoidal transport, the spacing of accelerator cavities, and periodically pulsed beams. Beam breakup growth is minimum when the cavity spacing equals an integral number of half-betatron wavelengths for quadrupole focusing, and an integral number of betatron wavelengths for solenoidal focusing. Minimum growth is also found for periodic pulses separated by an integral number of half-periods of the TMllo cavity mode. Expressions for beam breakup growth at the minima are obtained.
INTRODUCTION
The acceleration and transport of high-brightness electron and ion beams are subject to disruption by the beam breakup (BBU) instability.le7 This instability results from coupling of transverse beam oscillations and a nonaxially symmetric mode of the accelerating structure. With cylindrical pillbox accelerating cavities, the TMllo mode produces the maximum instability growth.
In the regenerative BBU instability, upstream propagation of the TM, 10 mode provides feedback for amplification within a single accelerator section.2 In the cumulative, or multisection, BBU instability, the TM,,, modes of different accelerator sections are coupled only by the passage of the electron (or ion) beam. In this article, we study the cumulative BBU instability in linear focusing systems. In quadrupole focusing systems or systems containing certain nonaxisymmetric optical elements (e.g., magnetic sector field and edge focusing), the x and y directions of motion are not coupled. ' With solenoidal transport, the BBU instability is affected by the coupling of the x and y directions of transverse motion.9
Our approach is to examine the BBU dispersion relations. This is a practical approach motivated by ongoing *"J' experiments.
the wavelength, e folding length, and group velocity of a BBU disturbance are directly obtainable from the dispersion relation. The dispersion relation may also be used in a study of the response to initial conditions, and calculation of beam offset versus time at a fixed position. 7 We first consider continuum models of quadrupole and solenoidal transport, applicable when the accelerating cavity spacing is small compared to beam breakup scale lengths and the beam current is constant. Our results agree with several prior calculations.
We then consider the case of finite accelerator cavity spacing, treating the cavity forces as periodic impulses. For cavity spacing that is an integral number of half-betatron ') Present address: Synchrotron Radiation Research Center, Hsinchu Science-based Industrial Park, Hsinchu, Taiwan, Republic of China.
wavelengths with quadrupole transport, or an integral number of betatron wavelengths with solenoidal transport, BBU growth vanishes. When the finite cavity length is considered, BBU growth for these cavity spacings is calculated and found to be finite. Finally, we consider the case of a pulsed beam. For pulses of vanishing pulse length separated by an integral multiple of one-half the TMllo period of the accelerating cavities, BBU growth vanishes. When a finite pulse length is considered, BBU growth no longer vanishes completely at these pulse separations. An expression for BBU growth with finite pulse length is presented.
II. THE ONE-DIMENSIONAL CONTINUUM MODEL FOR QUADRUPOLE TRANSPORT
We consider a beam transport system with periodically spaced cylindrical pillbox accelerating cavities. Transverse motions in the x and y directions are not coupled with quadrupole transport. Beam displacements in the x direction excite one polarization of the TMllo wavemode in the accelerator cavities, producing a magnetic field in the y direction on axis. The resultant VXB force is in the x direction. Consequently, the x and y directions of motion are not coupled in the BBU instability.
For quadrupole transport, the BBU instability has been studied previously using a one (transverse) -dimensional coupled-mode description. 3'7 The one-dimensional coupled-mode equations are d dx ;iiy;iT+w&=a, (14 where y= (1 -/32)-1'2 is the relativistic mass factor, w, is the betatron angular frequency, and d/dt = iV& + vi3/ & is the convective derivative. Equation ( la) describes the acceleration of the beam by the focusing field and the magnetic field BY of the TMllo mode. Equation (lb) describes excitation of the TMllo mode with angular frequency w.
(w. > 0) and quality factor Q by the transverse beam disturbance. The quantity E is the dimensionless coupling constant of the e beam to the TM,,, mode, given by12 
For a coasting beam, v, y, and E are constant. Assuming a disturbance of the form e' Eqs. ( 1) and (2) yield the dispersion relation
where R = o -vk and I+ = 2&
--co2+w~+iwwo/Q For real, positive values of w, the magnitude of I is maximum for w =tio, where I? ( oo) = -2ic&Q. Scaling laws can be determined from the dispersion relation by considering the case where w is real and positive. The e folding length of the instability is given by
where w,,, is the frequency giving the largest value of Im( k). In this model of the BBU instability, wmsx~:oo, with o. (1 -l/21/5&) < w,,(wc. The wavelength of maximum growth is
The group velocity of a BBU disturbance dominated by the frequency u,,, is given by Consider a disturbance excited at (z,t) = (0,O) and dominated by frequency w,. The time tmmax, at which the disturbance peaks at fixed z, is related to z by tmax = z/up while the disturbance amplitude grows as 8'4 = erm(k)z.
For sufficiently weak focusing that 1 l?(oo) 1 = 20&Q ) o:, the dispersion relation reduces to fi2+r=o.
(7) For Q, 1, maximum growth occurs for w,, = w. [l -( l/21/58 
Because Im(k) a ea l/L, the growth per cavity in the strong focusing regime is independent of the cavity spacing. For weak and strong focusing, the e folding lengths and group velocities obtained from Eqs. (8), (9) (14), an alternative approach is to consider the helical Larmor frame: x' = x cos 8 + y sin 8, y' = y cos 6 -x sin 8, where 8 = 0,+/2v. This frame twists at one- half the rate of electron trajectories. In this frame, Eqs.
(13) separate into two equations identical to Eq. (la) with w, -t wJ2. Because the coordinate transformation is not time dependent, Eqs. (14) also hold in the helical frame. Consequently, the quadrupole focusing dispersion relation with w, + oJ2 describes solenoidal focusing in the helical frame. Letting R --* R -wJ2 or R + R + wJ2 (i.e., k -+ k f wJ2u) gives the corresponding laboratory frame dispersion relation.
In the weak focusing regime where I r,(o,) I, Ir,b,) 1 s & Eq. ( 18) has solutions obeying a2 + rX = Oforw = o,,andR2 + l?,, = Oforo z o,,.These results are identical to the one-dimensional result of Eq. In the strong focusing regime, I T,(w,) I, I l?JwJ I ( w:, the dispersion relation ( 18) becomes fi = fh-w,+ r,v20,]), (19) For weak focusing with ] I'(we) ] > 05, Eq. ( 15) reduces to the one-dimensional results of Eq. (7). For strong focusing with 1 T(we) 1 < ~3, Eq. (15) reduces to n = f (rxry)1/2/~,
n= *(l-/w,).
(17) Comparing with Eq. ( 11)) we find that a strong solenoidal focusing system with cylindrical pillbox cavities has twice the BBU growth of a quadrupole focusing system with the same betatron wavelength.
If the TMllo modes have sufficiently different frequencies so that 10, -w,,l > wJQ,, w/Q,,, then Eqs. (19) and (20) In the strong focusing regime, a solenoidal focusing focusing regime are in agreement with Ref. 4 . In a previous system with cylindrical pillbox cavities will have twice the article, ' we incorrectly stated that our results disagreed BBU growth rate of a quadrupole focusing system with the with Ref. 4 by a factor of 2, as a result of incorrectly same betatron wavelength. The solenoidal focusing growth relating the coupling constant E to the transverse impedrate may be halved by perturbing the cavities so that verance. The correct relation is given by Eq. (2b).
tical and horizontal linear polarizations of the TMllo mode In Fig. 1 , we plot the growth rate versus w for the onehave sufficiently different resonant frequencies. However, if and two-dimensional models [Eqs. (3) and (15) In actual accelerating cavities, the normally degenerate TMllo modes may be split because of perturbations to cylindrical symmetry from coupling loops, damping, slots, drive rods, etc.2"3 We can model the case where the perturbed modes have vertical and horizontal polarizations by using separate resonant frequencies (w, and wu) and quality factors (Q, and Q,) for the linearly polarized modes in Equations (14a) and ( 14b).
For a disturbance of the form eiof -ikz, Eqs. ( 13) and ( 14) then yield the dispersion relation
where R = w -ku, TX = 2w&( -a2 + co:
+ iww,/Q), and l?,, = 2w$/( -w2 + w; + ioo,JQ) .
Note that TX is a function of w whose magnitude is maximum for w z wX, while the magnitude of TV is maximum for 0 z cf+ larized modes of identical resonant frequency are aligned
Inserting the ansatz (24) into Eqs. (25) and (26) yields in the helical Larmor frame, BBU growth is not reduced by two equations in three unknowns: A,B, and k. Eliminating the perturbation.
A and B gives the dispersion relation The preceding equations treat the beam current as constant, and the transverse impulsive forces from the accelerating cavities as a continuous force per unit length. These approximations limit the dispersion relations to the cases where instability scale lengths (e folding length, wavelength) are long compared to the cavity spacing, and the beam current is constant. where fi = w -kv. In the limit that the betatron wavelength and BBU e folding length are long compared with the cavity spacing, this equation reduces to the continuum dispersion relation of Eq. (3).
IV. DISCRETE SPATIAL EFFECTS
A. One-dimensional model
If the betatron wavelength or BBU e folding length do not greatly exceed the spacing L of the accelerator cavities, we can no longer treat the transverse impulsive forces from the cavities as a continuous force per unit length. We consider a quadrupole focusing system with cavities of length I and separation L, with INL. Treating the forces from the cavities as impulses, we have
j= --m
These equations are invariant under space translation by distance L and arbitrary time translations. Thus, we consider solutions of the form x = .-co(z) e'"', where x0(z) = u(z)emikZ, and u(z) is periodic with period L. Because eikL = e-iL(k+ 2m*'L) for integral values of m, k and k + 2m?r/L describe the same solution for any given w. As a result, R and fi -2mm/L describe the same solution for any given o. Inserting the solution form, we obtain
Because of the periodicity of u(z), we need only solve Eq. (23) for 0 <z <L. In this region, the right-hand side of Eq. (23) Q cos u -cos u 1
This form makes explicit the coupling between the cavity mode and the beam mode. For kL = 2rrn and complex w, Eq. (27) gives the dispersion relation for a recirculating induction accelerator with one cavity, quadrupole focusing, and beam pulse length equal to the recirculation time.i5 For L = (n/2)&, where n is an integer and & = 2rrv/wc is the betatron wavelength, the dispersion relation becomes 0 = =!=a,. Thus, there is no BBU growth for any value of w when the cavity spacing L equals (n/2)&. Intuitively, this is a reasonable result: An impulse in the x direction provided by an accelerator cavity will not result in a deflection in the x direction in the subsequent cavity if the spacing is (n/2)&, thwarting the mechanism of BBU growth. A finite level of BBU growth will result if the cavity spacing is not exactly equal to (n/2)& and because of the finite cavity length 1.
In the strong focusing regime with I I'(wo) I ( w:, Eq. (27) is approximated by the one-dimensional continuum model dispersion relation of Eq. (10) for cavity spacings sufficiently far from (n/2)& that IL -(n/2);1,p~> I r(uo) l/20:.
B. Two-dimensional model
For solenoidal focusing, a two-dimensional model can account for the discrete spatial effects when the cavity spacing L is not small compared to the betatron or BBU e folding length. We consider cylindrical pillbox cavities:
( a2 a0 a g+yj;i;+a$ a,=2yw&x, ) CW (29b) These equations are invariant under space translation by distance L and arbitrary time translations. Thus, we consider solutions of the form x = xc(z) e '"', where xc 
and u(z) is periodic with period L; and similarly for y. We thereby obtain
In the region 0 <z < L, the right-hand side of Eqs. (30) cos (y+z) =cos$+$sin$,
where R = o -kv. Because Eqs. (28) and (29) are separable in the helical Larmor frame, Eq. (34) may also be obtained from Eq. (27a) by letting w, + wJ2 and R * n f c&/2. Four modes are described by Eq. (34). In the limit that the betatron wavelength and BBU e folding length are long compared with the cavity spacing, this equation reduces to the two-dimensional continuum dispersion relation of Eq. (15).
For L = t&, where n is an integer, the dispersion relation becomes fi = 0, f w,. Thus, there is no BBU growth for any value of w when the cavity spacing L equals n&,, where & is the betatron wavelength. Intuitively, this is a reasonable result: An impulse provided by an accelerator cavity will not result in a deflection in the subsequent cavity if the spacing is n&, thwarting the mechanism of BBU growth. Unlike the one-dimensional model applicable to quadrupole focusing, a spacing of (n/2)&, with odd integer n, will no longer suppress BBU growth. This is a result of x-y coupling. An impulse in the x direction will result in a deflection in they direction in the subsequent cavity with a spacing of (n/2)&, with odd integer n, so that the BBU instability can grow.
In the strong focusing regime, where 1 l?(wo) 1 ( wz, Eq. (34) is approximated by the two-dimensional continuum dispersion relations of Eqs. ( 16) and ( 17) for cavity spacings sufficiently far from n& that 1 L -n&j/L >2lUwo) I/w,"* In Fig. 2 , we display the BBU growth rate as a function of the normalized cavity spacing, L/&,, for the one-and two-dimensional models that account for finite cavity spacing by treating cavity forces as impulses [Eqs. (27) and (34) 23). Consequently, the one-dimensional dispersion relation of Eq. (27) will apply for o z w,. Because this is an approximate result, the BBU growth for L = (n/2)& may not completely vanish. As in the continuum models, when the two linear polarizations of the TMllo mode are perturbed so that their frequency response curves do not greatly overlap, the onedimensional dispersion relation applies.
C. Finite cavity length
The preceding calculations have shown that BBU growth vanishes with the proper choice of cavity spacing, if the forces from the cavities are modeled as impulses. We now consider the finite growth that will occur for nonzero cavity length I and errors in cavity spacing from an integral multiple of the half-betatron wavelength. We restrict the discussion to the one-dimensional model appropriate for quadrupole focusing. By letting o, -+ wJ2 and fl + 0 f oJ2, the dispersion relation we obtain will also be applicable to solenoidal focusing with cylindrically symmetric cavities.
For a cavity spacing L = nrm/o, + 6, where S is the error in spacing from an integral multiple of the half-betatron wavelength, Eq. (27) gives the result for cavity forces modeled as impulses:
Equation (35) To model finite cavity lengths, we begin with the equations for finite cavity separation, replacing the S function representing the impulsive acceleration in the cavity with a flattop function. This approach should be valid for small cavity lengths for which the electron transit time is small compared to the TMllo period. Thus, we have
j= -m ( a2 a0 a a+~7g+coi a=2y&x. ) (37) Here, the function 61(z) = l/1 for -I <z < 0 and zero elsewhere. These equations are invariant under space translation by distance L and arbitrary time translations, so we consider solutions of the form x = x0(z) e'"', where x0(z) = u(z)emik", and u(z) is periodic with period L. We thereby obtain
Because of the periodicity of u(z), we need only solve Eq. (38) for -i<z.cL-I.
In the region O<z<L-1, the right-hand side of Eq. (38) vanishes, yielding the solution
For -l<z<O, we have Continuity of dxddz at z = -1 and z = 0 gives two analogous equations, so we have four equations in the unknowns A,B,C,D, and k. Eliminating A,B,C, and D, we have the equation 
The expression (IL/I) has no dependence upon 1. In order for Eq. (44) to be valid, it is necessary that 161,1 < A/277-, and that the terms on the right-hand side containing 6 and 1 be small compared to oJnn. We note that the lowest-order terms reproduce Eq. 
so that growth does not vanish for L = (n/2)& when finite cavity length is considered. Comparing Eqs. (35) and (45) in the strong focusing regime ( 1 I'1 ( wz), we note that the BBU growth from a spacing error 6 will exceed the growth from a cavity length I when I S I -Z, unless n is very large. Thus, a spacing error will usually lead to greater BBU growth than a cavity length of comparable magnitude. Comparing Eq. (45) with the continuum model dispersion relation in the strong focusing regime, Eq. ( lo), we note that BBU growth is modified by the factor (27r/v'3) X (I/&) when the cavity spacing is (n/2)&. The reduction in BBU growth is substantial when (I/&) ( 1.
As an illustration of Eq. (45), we calculate the nonzero BBU growth resulting from the finite cavity length for quadrupole transport with L = &,/2, for the parameters of Fig. 2 . For the parameters of Fig. 2(a) , a cavity length of I= 1 cm gives Im (k) = 0.015 m -', corresponding to a growth rate of 0.13 dB/m. For the case of Fig. 2(b) , a growth of 1.3 dB/m is obtained. For the parameters of Fig.  2(c) , a growth of 13 dB/m is given by Eq. (45). Because I/& is not small compared to 1, the growth is not significantly reduced compared with the continuum model. Moreover, the requirement that I( &/2~ is not obeyed for Fig. 2(c) , so that 13 dB/m is not an accurate value.
V. PERIODICALLY PULSED BEAM
A. One-dimensional model In this section, we consider a periodically pulsed beam, which can represent a micropulse train, in the limit of vanishing pulselength. The beam current is modeled as a train of 6 functions separated by time r. We assume that the betatron wavelength and BBU e folding length are long compared with the cavity separation, so that the impulsive transverse forces can be modeled as a continuous force per unit length. For a quadrupole focusing system, we have 
The quantity E is defined by Eq. (2) 
This system is invariant under arbitrary translations in Z, and periodic in T with period r. We thus consider solutions of the form a = ao( T)e""" where ao( T) = u( T)eiuT, and u(T) is periodic with period 7. In terms of the variables t and z, a = u(t -z/v)e-ikZ+iWf, where a =w -kv. Because eiw7 = ei"(w + 2m?r/') for integral m, w, and w + 2m?r/r describe the same solution, giving the same value of Sz. Substituting the desired solution form into Eqs. (48) and (49) Continuity at T = 0 implies (51) ao(O + ) = ao(O -) = eei "'uo(7 -), while Eq. (50) implies the jump condition:
where (52) da0 ~(O-)=e- '"T;iT(~-) . (53) Inserting the ansatz (51) into Eqs. (52) and (53) 
We note that o and w + 2mr/r give the same value of a, as expected. If the period between bunches r is sufficiently small that wor( 1, and we consider frequencies w sufficiently small that ~7x1, then the right-hand side of Eq.
(54) reduces to -l?, giving the one-dimensional continuum dispersion relation of Eq. (3). A BBU disturbance that does not oscillate in time is described by Eq. (54) is the period of the TM,,, cavity mode. Thus, BBU growth vanishes when the bunch separation is an integral number of half-periods of the TMilo mode.18
For frequencies near wo, obeying I w -0~1 5 we/2Q, and bunch separations sufficiently different from (n/2)T0, obeying 17 -(n/2)T01 > r/2Q, and nXQ, the right-hand side of Eq. (54) reduces to -r, so that the one-dimensional continuum dispersion relation applies. Because 1 w,, -w. I <Nae/2Q, BBU growth is given by the 1D continuum theory for I r -(n/2)r01 > 7/2Q and n4Q.
TWO-DIMENSIONAL MODEL
For a periodically pulsed beam in a solenoidal focusing system with cylindrical pillbox cavities, we consider a twodimensional model. Again, we assume that the betatron wavelength and BBU e folding length are long compared with the cavity separation so that a continuum description can be used for the acceleration of the beam by the cavities. This system is invariant under arbitrary translations in Z, and periodic in T with period r. We thus consider solutions of the form a, = ad ( T) e"" where afi( T) = u( T)eiaT, and II ( T) is periodic with period r. A similar form is assumed for a,,, x, and y. In terms of the variables t and z, a, = u(t -z/v)e-ik+imt, where n = w -kv. Substituting this solution form into Eqs. (55) and (56) 
j= -00
In the region 0 < T < 7; the right-hand side of Eqs. (57) vanishes, yielding the solution
Continuity at T = 0 implies
while Eqs. (57) imply the jump conditions:
ho d=xo m (0-) =emiWrm (7-) and d%Q d=fl -p (0-) =emimr;i?; (r-).
Inserting the ansatz (58) into Eqs. (59) and (60) yields four equations in five unknowns: A,B,C,D, and R. Eliminating A,B,C, and D gives the dispersion relation
Equation (61) can also be obtained directly from Eq. ( 54) by letting w, -+ oJ2 and Sz + R f wJ2. If the period between bunches r is sufficiently small that war< 1, and we consider frequencies o sufficiently small that 07x1, then the right-hand side of Eq. (61) reduces to -I', giving the two-dimensional continuum dispersion relation of Eq. ( 15). The right-hand side of Eq. (6 1) vanishes for 7 = n7r/(oo J-p) = (n/2)7-@ Thus, BBU growth vanishes when the bunch separation is an integral number of half-periods of the TM,,, mode, as in the case of quadrupole focusing. For frequencies near wo, obeying 10 -wo] 5 os/2Q, and bunch separations sufficiently different from (n/2)ro, obeying lr -(n/2)r01 > r/2Q, and n<Q, the right-hand side of Eq. (61) reduces to -I, so that the two-dimensional continuum dispersion relation applies. Thus, for I r -(n/2)ro[ > r/2Q and n<Q, BBU growth is given by the 2D continuum theory.
In Fig. 3 , we plot the growth rate versus the normalized bunch separation for the one-and two-dimensional models [Eqs. (54) and (61)]. Figure 3(a) describes the weak focusing regime, Fig. 3(b) describes a case intermediate between the weak and strong focusing regimes, while Fig. 3(c) describes the strong focusing regime. As in the continuum case, nearly identical growth rates are obtained by the two models in the weak focusing regime, while the two-dimensional model gives twice the growth of the onedimensional model in the strong focusing regime. BBU growth vanishes for r = (n/2)r0, where n is an integer and rc = 2r/(wo J1--i/'74'@) is the period of the TM,,, cavity mode with finite Q. In Figs. 3(a) and 3(b) , growth is maximized for r = (n/2)7,( 1 + 1/2Q), as in the case of a steady-state (w = 0) disturbance.6*16 This maximum in growth is pronounced when Q is sufficiently large. For 3099 J. Appl. Phys., Vol. 71, No. 7, 1 April 1992 I r -( n/2)r0 I ) r/2Q, BBU growth is the same as that calculated by the continuum models in Fig. 1 , as expected.
Finally, we consider solenoidal focusing with perturbed cavities in which the vertical and horizontal polarizations of the TM,,, mode have sufficiently different resonant frequencies so that, for w z w, they polarization is not excited. Then, the term a,c vanishes in Eq. (60a), for w r w,. Consequently, Eqs. (59a) and (60a) are the same as Eqs. (52) and (53) Recently, there has been interest in achieving low BBU growth by using a pulsed beam with bunch separation equal to an integral number of half-periods of the TM,*, mode. l8 In this subsection, we consider the finite BBU growth that is expected from finite pulse lengths and bunch separations differing slightly from (n/2)~~. We restrict the discussion to quadrupole focusing systems. By letting o, + oJ2 and n + n f wJ2, the dispersion relations we obtain will also describe solenoidal focusing with cylindrical symmetry.
For the case of &function bunches whose bunch separation is r = (n/2)~~ + 6, where the timing error 16 1 ( n/( w. J-e) = ro/2, the dispersion relation of Eq. (54) reduces to
for n odd.
This approximation is valid when ]wo?j] ( m/2Q and I~osl41.
We now calculate an analogous result for the BBU growth resulting from a finite pulse duration A, where the quantity A is in units of time. To model a finite pulse length, we consider the model of Eqs. (48) and (49), where the S function on the right-hand side of Eq. (49) is replaced by a flattop function: S,(T) = l/A for -A < T ~0, and zero elsewhere: 
This system is invariant under arbitrary translations in Z, and periodic in T with period r. We thus consider solutions of the form a = ao( T)einz '" where ao( T) = u ( T)eimT, and u ( T) is periodic with period r. Substituting this solution form into Eqs. (63) and (64) 
This equation can be solved in the region 0 < T < r -A to give
In the region -A < T < 0, Eq. (65) 
For a short pulse duration, A<rc/2, and bunch separation close to an integral number of half-cavity periods, 7 = n*/(wf-J &i7@, + 6 = (n/2)r, + 6, where 16 I <ro, the last two cosines in Eq. (69) can be expanded through fourth order to yield an approximate dispersion relation for the BBU instability:
where
Equation (70) is approximately obeyed for sufficiently small timing errors and pulse lengths satisfying ]o,$] < na-/2Q < 1/2G, and I woA ] < 1. Because mr z 0~7, the TMllo mode must not decay significantly between pulses. In addition, ] cl< 1 is required, which is satisfied when ] 0 -oo] < od2nd. This is not a severe restriction since frequencies near w. give the greatest BBU growth and thus are of primary interest. For A = 0 (vanishing pulselength), Eq. (70) 
Equation (71) shows that BBU growth occurs in the absence of a timing error because of the finite pulse duration of the electron bunches. Electron bunches of finite pulsewidth A can also be modeled by "head" and "tail" macroparticles rather than a flattop pulse.'* In this approach, the flattop (6~) term in Eq. (64) is replaced by [&( T -j?-) + S( T -jr + A)]/2. For zero timing error, we obtain a dispersion relation identical to Eq. (71) with A-+v'3A. Increased BBU growth results from the concentration of current at the head and tail of the pulse. In the strong focusing regime, maximum growth occurs for oroo. At this frequency, Eq. (71) becomes R= -uf = i (27r/v9)(A/70)l-'(00).
In comparison with the continuum model of Eq. (3), I is multiplied by the factor (2rr/fl) (A/r,), so that BBU growth is modified by this factor for pulses separated by ( n/2)To in the strong focusing regime. Thus, for ( A/rO) (I, significant BBU growth reduction can be obtained by the use of a pulsed current.
In Fig. 4 we display the results of Eq. (70) for the parameters of Fig. 3 and two different nonzero pulse lengths. We also show the results of Eq. (54) for S-function pulses. The finite pulse lengths result in nonzero BBU growth for all values of pulse spacing r, and a shift in the value of r that gives minimum BBU growth. With a finite pulse length, r = (n/2)T0 no longer gives minimum BBU growth, so that a slight timing adjustment may be advantageous in applications using a pulsed beam. 
VI. SUMMARY
Dispersion relations for the BBU instability have been derived for quadrupole and solenoidal focusing. We first considered a continuum model appropriate for constant beam current and cavity spacings small compared to the betatron wavelength and e folding length of BBU growth. The x-y coupling of solenoidal focusing affects the BBU growth rate for cylindrical pillbox accelerator cavities, in which the TM , 1o frequency is independent of polarization. BBU growth in the strong focusing regime is twice that of a quadrupole focusing system with the same betatron wavelength. By perturbing the cavities so that the vertical and horizontal polarizations of the TMllo mode have sufficiently different resonant frequencies, this growth may be halved.
A model was presented for the case where the spacing of the accelerator cavities can be large compared to the betatron wavelength and the e folding length of BBU growth. We first neglected the finite length of the cavities. For quadrupole focusing, BBU growth vanishes when the spacing is an integral multiple of one-half betatron wavelength. With solenoidal focusing and cylindrical pillbox cavities, the cavity spacing must be an integral multiple of the betatron wavelength to prevent BBU growth. Finally, we considered the effect of finite cavity length with quadrupole focusing, showing that the BBU growth does not completely vanish for spacings that are integral multiples of one-half betatron wavelength. For such spacings in the strong focusing regime, BBU growth is modified by the factor (2?r/v"J) (I/&) when compared to the continuum model, where I is the cavity length, ,Q, is the betatron wavelength, and (l/&) ( 1/27r.
A model was also presented for a periodically pulsed electron-beam current. We first considered vanishing pulselength by modeling S-function current pulses. BBU growth vanishes when the pulse separation is a multiple of one-half of the TMllo period, for both quadrupole and solenoidal focusing. When a finite pulselength was considered, the BBU growth did not completely vanish. For pulse separations that are a multiple of one-half of the TMllo period in the strong focusing regime, BBU growth is modified by the factor (27r/fi) (A/T,J) when compared to the continuum model, where A is the pulse duration, 7. is the period of the TMllo mode, and ( A/rO) < 1/27r.
Because the e folding length, wavelength, and group velocity of the BBU instability are directly calculable from the dispersion relation, the formulas presented here may be used to calculate these important quantities under a broad range of conditions.
